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Abstract
Examples of the Riccii-flat metrics associated with the equations of Navier-Stokes are
constructed. Their properties are investigated.
1 Introduction
Properties of solutions of the Navier-Stokes equations to the incompressible fluid can be studied
by geometric methods [1-3].
For this purpose we rewrite the NS- equations in equivalent form of conservation laws
Ut + (U
2
− µUx + P )x + (UV − µUy)y + (UW − µUz)z = 0,
Vt + (UV − µVx)x + (V
2
− µVy + P )y + (VW − µVz)x = 0,
Wt + (UW − µWx)x + (VW − µWy)y + (W
2
− µWz + P )z = 0,
Ux + Vy +Wz = 0, (1)
where U, V,W and P are components of the velocity and the pressure of the fluid.
The system of equations (1) can be considered as conditions of equality to zero the Ricci tensor
of 14- dimensional space D14 in local coordinates
X = (x, y, z, t, η, ρ,m, u, v, w, p, ξ, χ, n) = (~x, t, η, ρ,m,Ψl) , l = 1...7 endowed with the Riemann
metric
14ds2 = −2Γijk(~x, t)Ψidx
jdxk + 2dΨldx
l. (2)
The metric (2) is the metric of the Riemann extension [4] of seven-dimensional space D7 of
affine connection in local coordinates (x, y, z, t, η, ρ,m) with components of connection Γijk(~x, t).
In explicit form it looks as follows
14ds2 = 2 dx du + 2 dy dv + 2 dz dw + (−V (~x, t)v −W (~x, t)w − U(~x, t)u) dt2+
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+
(
−u (U(~x, t))2+uP (~x, t)+uµUx(~x, t)−vU(~x, t)V (~x, t)−U(~x, t)p
)
dη2
+ (vµUy(~x, t)−wU(~x, t)W (~x, t)+wµUz(~x, t)) dη
2+2 d2η ξ+
+(−uU(~x, t)V (~x, t)+vP (~x, t)−V (~x, t)p+uµ Vx(~x, t)−wV (~x, t)W (~x, t)) dρ
2+
+
(
vµ Vy(~x, t) +wµVz(~x, t)−v (V (~x, t))
2
)
dρ2+2 d2ρχ+
+
(
wP (~x, t)−W (~x, t)p−w (W (~x, t))2+wµWz(~x, t)+vµWy(~x, t)
)
dm2+
+(−vV (~x, t)W (~x, t)+uµWx(~x, t)−uU(~x, t)W (~x, t)) dm
2+2 dm dn +2 dt dp. (3)
The main property of the space with the metric (3) lies in the fact that it is a Ricci-flat if the
functions U, V,W and P satisfy the NS-equations (1).
Despite the fact that all scalar invariants of the space D14 are equal to zero its geometric
properties can be studied with the help of equations of geodesic and corresponding invariant
differential operators.
2 Geodesic
The complete system of geodesics of the metric (2) consists of two parts
x¨k + Γkij x˙
ix˙j = 0,
δ2Ψk
ds2
+Rlkjix˙
j x˙iΨl = 0,
where
δΨk
ds
= Ψ˙k − Γ
l
jkΨlx˙
j .
In considered case the first group of equations is
x¨+1/2U(~x, t)t˙2+1/2 η˙U(~x, t)2−1/2 η˙2µUx(~x, t)−1/2 η˙
2P (~x, t)+
+1/2 ρ˙2U(~x, t)V (~x, t)−1/2 ρ˙2µVx(~x, t)+1/2 m˙
2U(~x, t)W (~x, t)−
−1/2 m˙(s)µWx(~x, t)= 0,
y¨ + 1/2 V (~x, t)t˙2 + 1/2 η˙(s)2U(~x, t)V (~x, t)− 1/2 η˙2µUy(~x, t) + 1/2 ρ˙
2V (~x, t)2−
−1/2 ρ˙2µVy(~x, t)− 1/2 ρ˙(s)P (~x, t) + 1/2 m˙
2V (~x, t)W (~x, t)−
−1/2 m˙2µWy(~x, t) = 0,
z¨+1/2W (~x, t)t˙2+1/2 η˙(s)2U(~x, t)W (~x, t)−1/2 η˙2µUz(~x, t)+1/2 ρ˙
2V (~x, t)W (~x, t)−
−1/2 ρ˙2µVz(~x, t)+1/2 m˙
2W (~x, t)2−1/2 m˙2µWz(~x, t)−1/2 m˙
2P (~x, t) = 0,
t¨+ 1/2U(x, y, z, t)η˙2 + 1/2 V (x, y, z, t)ρ˙2 + 1/2W (x, y, z, t)m˙2 = 0,
η¨ = 0, ρ¨(s) = 0, m¨(s) = 0. (4)
In particular case of 2D-potential flow
U = φy, V = −φx, W = 0, P = Q(x, y, t)
the system (4) takes the form
2 x¨+ φy t˙
2 + α1 2φ2y − α1
2µφxy − α1
2Q− α2
2φyφx + α2
2µφxx = 0,
2
2 y¨ − φxt˙
2
− α1
2φyφx − α1
2µφyy + α2
2φ2x + α2
2µφxy − α2
2Q = 0,
2 z¨ −Qα3
2 = 0, 2 t¨+ φyα1
2
− φxα2
2 = 0,
η(s) = α1s, ρ(s) = α2s, m(s) = α3s.
Remark. The coefficients of the system (4) are the components Γkij of affine connection of the
seven-dimensional manifold in the local coordinates (~x, t, η, ρ,m).
It is a Ricci-flat
Rij = ∂kΓ
k
ij − ∂iΓ
k
kj + Γ
k
klΓ
l
ij − Γ
k
imΓ
m
kj = 0
on solutions of the NS-equations (1) and its properties can be studied independently of the en-
closing 14-dimensional Riemann space with the metric (3).
Linear part of geodesic has the form of linear system of equations with variable coefficients
Ψ¨i = A
k
i Ψ˙k +B
k
i Ψk,
where Ψk = [u, v, w, p, ξ, χ, n] is vector-functions and A
k
i = A
k
i (~x, t) and B
k
i = B
k
i (~x, t) are the
matrix-functions depending on coordinates Xa = (~x, t) .
Properties of the seven-dimension of the space of affine connection can be studied with the
help of solutions of a system of linear partial differential equations with respect to the components
of the vector of motions ωk(~x, t, η, ρ,m) of the space
∂2bcω
a + ωk∂kΓ
a
bc + ∂bω
kΓakc + ∂cω
kΓabk − ∂kω
aΓkbc = 0.
3 Parameters of Beltrami
The functions of coordinates ψ(xk) which defined by the formulas
∆2ψ = g
ij
(
∂2ψ
∂xi∂xj
− Γkij
∂ψ
∂xk
)
, (5)
and
∆1ψ = g
ij ∂ψ
∂xi
∂ψ
∂xj
(6)
are the invariants of the space.
Solutions of the equations
∆2φ = 0, ∆1φ = 0
can be used to the study properties of solutions of the NS -equations.
As an example, consider the two-dimensional potential flow of fluid.
The metric of associated Riemann space in this case has the form
ds2 = 2 dx du + 2 dy dv + 2 dz dw + (−φyu+ φxv) dt
2 + 2 dt dp+
+
(
−uφ2y + uµ φxy + uQ(x, y, t) + vφyφx + vµ φyy − φyp
)
dη2+
+2 dη dξ +
(
uφyφx − uµ φxx − vφ
2
x − vµ φxy + vQ(x, y, t) + φxp
)
dρ2+
+2 dρ dχ+ wQ(x, y, t)dm2 + 2 dm dn. (7)
3
Components of the Ricci-tensor of the metric (7) are equal to zero Rηη = 0, Rρρ = 0 on
solutions of 2DNS-equations
φyφxy − µφxxy −Qx − φyyφx − µφyyy + φyt = 0,
−φyφxx + µφxxx + µφxyy −Qy − φxt + φxyφx = 0,
where the function φ(x, y, t) satisfies the condition of compatibility
(φxx + φyy)t + φy(φxx + φyy)x − φx(φxx + φyy)y − µ∆(φxx + φyy) = 0. (8)
Here is an example of the solution of equation
gij
∂ψ
∂xi
∂ψ
∂xj
− 1 = 0. (9)
As is known [5] with the help of solutions equation (9) can be studied geodesics of the metric
for arbitrary Riemann space.
For the metric (7) the equation (9) takes the form
2ψxψu + 2ψyψv + 2ψzψw + 2ψtψp + 2ψηψξ + 2ψρψχ + 2ψmψn + ψ
2
pφyu−
−ψ2pφxv + ψ
2
ξuφ
2
y − ψ
2
ξuµ φxy − ψ
2
ξuQ− ψ
2
ξvφyφx − ψ
2
ξvµ φyy + ψ
2
ξφyp−
−ψ2χuφyφx + ψ
2
χuµ φxx + ψ
2
χvφ
2
x + ψ
2
χvµ φxy − ψ
2
χvQ− ψ
2
χφxp− wQψ
2
n − 1 = 0. (10)
After separation of variables in the equation (10) we find
ψ(x, y, z, t, η, ρ,m, u, v, w, p, ξ, χ, n) = c3z + c5η + c6ρ+ c7m+ c12ξ+
+c13χ+ c14n+ F (x, y, t, u, v, w, p)
where the function F (x, y, t, u, v, w, p) satisfies the equation
2FxFu + 2FyFv + 2 c3Fw + 2FtFp + 2 c5c12 + 2 c6c13 + 2 c7c14+
+F 2p φyu− F
2
p φxv + c12
2uφ2y − c12
2uµ φxy − c12
2uQ− c12
2vφyφx−
−c12
2vµ φyy + c12
2φyp− c13
2uφyφx + c13
2uµ φxx + c13
2vφ2x+
+c13
2vµ φxy − c13
2vQ− c13
2φxp− wQc14
2
− 1 = 0. (11)
Using presentation the function F (x, y, t, u, v, w, p) in the form
F (x, y, t, u, v, w, p) = A(x, y, t)p+ uB(x, y, t), c14 = 0, c13 = 0, c12 = 1/2 c5
−1
we get over determinant system of equations to the functions A(x, y, t), B(x, y, t)
8Bc5
2Bx + 8Ac5
2Bt + 4A
2φyc5
2 + φ2y − µφxy −Q = 0,
8Bc5
2Ax + 8Ac5
2At + φy = 0, − 4A
2φxc5
2
− φyφx − µφyy = 0. (12)
From conditions of compatibility we find that the system (12) has solutions if the functions
φ(x, y, t), Q(x, y, t) satisfy to the relation
H(φ, φx, φy, φt, ...Q) = 0 (13)
containing 275 summands.
In particular, for the Euler system of equations, (µ = 0) the relation (13) takes the form
φytφ
2
xyφy − 4φytφyφxyφxyt + 2φyφxxyφ
2
yt − 4φytφ
2
yφxxy−
−3φ2xyφ
2
y + 4φ
2
yφxyφxyt + 2φ
3
yφxxy + 2φyφ
2
xyφytt −Qφ
3
xy = 0.
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